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The fluctuation-dissipation relations (FDR) are powerful relations which can cap-
ture the essence of the interplay between a system and its environment. Challenging
problems of this nature which FDRs aid in our understanding include the backreac-
tion of quantum field processes like particle creation on the spacetime dynamics in
early universe cosmology or quantum black holes. The less familiar, yet equally im-
portant correlation-propagation relations (CPR) relate the correlations of stochastic
forces on different detectors to the retarded and advanced parts of the radiation prop-
agated in the field. Here, we analyze a system of N uniformly-accelerated Unruh-
DeWitt detectors whose internal degrees of freedom (idf) are minimally coupled to a
real, massless, scalar field in 4D Minkowski space, extending prior work in 2D with
derivative coupling. Using the influence functional formalism, we derive the stochas-
tic equations describing the nonequilibrium dynamics of the idfs. We show after the
detector-field dynamics has reached equilibration the existence of the FDR and the
CPR for the detectors, which combine to form a generalized fluctuation-dissipation
matrix relation We show explicitly the energy flows between the constituents of the
system of detectors and between the system and the quantum field environment.
This power balance anchors the generalized FDR. We anticipate this matrix relation
to provide a useful guardrail in expounding some basic issues in relativistic quantum
information, such as ensuring the self-consistency of the energy balance and tracking
2the quantum information transfer in the detector-field system.
I. INTRODUCTION
Fluctuation-dissipation relations (FDR), though rooted in statistical mechanics [1, 2], has
wide-ranging implications and applications. For example, it captures the essence of the so-
called backreaction problem in particle-field systems and in gravitational and cosmological
physics. Sciama [3] treated black holes with Hawking radiation [4] as a dissipative system,
and, with Candelas, proposed to view its interaction with a quantum field in the light of
a FDR [5] (see also Mottola [6]). Hu & Sinha, Campos & Verdaguer [7–9] showed how
the backreaction of particle creation on the geometrodynamics of the early universe can be
phrased in terms of a FDR.
The existence of FDR in a thermal field in the context of linear response theory (LRT)
[1, 2] is better known than the correlation-propagation relations (CPR), the existence of
which in a quantum field was first discovered by Raval, Hu and Anglin. In Ref. [18] they
showed that there exists 1) a set of FDR relating the fluctuations of the stochastic forces to
the dissipative forces on the detectors, and 2) a related set of CPR between the correlations of
stochastic forces on different detectors and the retarded and advanced parts of the radiation
mediated by them.
Here the detector is a physical object with internal degrees of freedom, like an atom.
A uniformly accelerated detector moving in a quantum field was used by Unruh [10] to
illuminate the physics of Hawking effect. Considering a detector’s motion and interaction
with the quantum field, the detector-field system opens up accessible channels to probe
experimentally into the many properties of a moving detector or atom in a quantum field,
such as quantum radiatio[11–22] and nonequilibrium, nonMarkovian effects [23, 24, 26–28].
It has also become popular in the newly emergent field of relativistic quantum information
[29] for tackling environmental influences on quantum coherence and entanglement (e.g.,
[28, 30–33] and references therein).
In a recent paper [34] three of the present authors considered N uniformly-accelerating
Unruh-DeWitt detectors [10, 35] whose internal degrees of freedom are coupled to a massless
scalar field in (1+1)D Minkowski space and derived a set of FDR and CPR between the
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3dissipation and the noise kernels of the detectors after the detector-field system has reached
equilibrium. Together these two sets of relations form a matrix relation, which we called the
generalized FDR, with the FDR entering as the diagonal components and the CPR entering
the off-diagonal components of the generalized FDR. Though not known before, but as we
shall show, the CPR is indispensable in keeping the energy balance in the detector-field
system. This aspect is completely absent in the conventional derivation and understanding
of FDR based on LRT because the bath used there is only a passive-parametric rather than
an active-dynamical quantity. The CPR contains the information about the state of motion
of the detectors even when they are remotely located and have no direct coupling with one
another. The ambient quantum field relays this information from one detector to another
and the CPR shows how this information is propagated and how their correlations evolve.
For this reason we anticipate the CPR will play an important bookkeeping role in quantum
information flow and the energy balance in the detector-field system.
In this paper we derive the FDR and the CPR for a similar detector-field system but in
(1+3) dimensions, namely, N uniformly-accelerated Unruh-DeWitt detectors whose internal
degrees of freedom Qi are coupled to a real, massless, scalar field φ in 4D Minkowski space.
The major difference from the 2D case is in the type of coupling between the detectors
and the field. We first write down the Langevin equation governing the internal degrees
of freedom of the i-th detector interacting with the quantum field and with that of the
other N − 1 detectors mediated by the field. We explain the properties of the two Green
functions appearing therein: the retarded Green function representing dissipation and the
Hadamard function, the noise, as a coarse-grained representation of the fluctuations in the
quantum field. We show the existence of a generalized FDR after the detector-field dynamics
(of the internal degrees of freedom of the N detectors interacting with a quantum field) has
reached equilibration. We then proceed to establish the FDR and CPR for the detectors. We
comment on the important differences between the FDR derived here via nonequilibrium
dynamics [36–39] and that from LRT. Next we show explicitly the energy flows between
the constituents of the system of detectors and between the system and the quantum field
environment. This power balance, preconditioned on the existence of an equilibrium state, is
the physical embodiment of the generalized FDR.We conclude with a note on the importance
of including non-Markovian effects in the dynamics to guarantee full self-consistency.
II. UNIFORMLY ACCELERATING UNRUH-DEWITT DETECTORS IN
(1+3)D MINKOWSKI SPACE
Suppose the detectors are at different transverse spatial locations x⊥ in the same Rindler
wedge R (|t| < z). They all accelerate uniformly in the z direction from past null infinity to
4future null infinity in 1+3 dimensional Minkowksi space. We further assume that at t = 0,
when the detector-field coupling of strength λ is turned on, all detectors comes to the point
closest to the origin1. In other words, the external degree of freedom of each detector will
follow a worldline described by a certain fixed set of ξ and x⊥ coordinates in Rindler space
with line element of the form
ds2 = e2aξ
(−dη2 + dξ2)+ dx2⊥. (II.1)
The Rindler time η and spatial coordinate ξ are related to the Minkowski time t and spatial
coordinate z by
t =
eaξ
a
sinh aη , z =
eaξ
a
cosh aη . (II.2)
We call the constant parameter a/2pi the fiducial temperature [10, 34].
The internal degree of freedom Qi of each detector is modeled by a harmonic oscillator.
Its interaction term with the scalar field takes the form
Sint[Q, φ] =
∫
d4x
√−g j(x)φ(x) , j(x) =
∑
i
λ
∫
dτi Qi(τi)
δ(4)[xµ − zµi (τi)]√−g , (II.3)
instead of the derivative coupling2 in the (1+1)D case. Here zµi traces the prescribed world-
line of the ith detector, τi is its proper time and g is the determinant of the metric (II.1). The
detector-field coupling is the same as in the model studied in great details in [45], except
that the detectors here are uniformly accelerating. For economy of space we refer many
technical details to that paper.
A. Langevin equation, Retarded Green function and Hadamard function
Using the Feynman-Vernon [46] influence functional [47–50] and the related Schwinger-
Keldysh [51, 52] closed-time-path [53] or ‘in-in’ [36, 54, 55] formalism, we coarse-grain the
1 This requirement is only for the sake of mathematical simplicity in the subsequent discussions. It can
be relaxed to the case that the detectors may arrive at the mid-points at different times since we are
interested only in late-time dynamics. The complexity of the transient regime does not concern us.
2 If we choose a coupling of the derivative type in 4D, the self force in the equation of motion will depend
on the third-order time derivative of Q, which unravels pathological behaviors associated with singular
differential equation [40–42]. A common remedy is to order-reduce [43] the damping term to first-order
time derivative, based on the concept of the critical manifold [44]. However, the order-reduced dynamics
will result in an FDR where the proportionality factor depends on the parameters of the reduced systems,
as well as on those of the environment. This is not what a generic, categorical relation such as FDR
should look like.
5field degrees of freedom in the total action of the detector-field system to derive a stochastic
effective action. Variation of it gives a stochastic equation of motion, the Langevin equation,
for the internal degrees of freedom of each detector
mQ¨i(τi) +mω
2Qi(τi)− λ2
∑
j
∫
dτj
{
G
(φ)
R [τi, zi(τi); τj, zj(τj)]
}
ij
Qj(τj) = λ ζi(τi) , (II.4)
where m is the mass and ω is the bare frequency of the internal degree of freedom, which
we assume to be the same for all detectors. The overall effects of the quantum field show
up in the retarded Green’s function G
(φ)
R (x, x
′) of the field and a stochastic forcing term ζi
capturing how the field acts on the ith detector. For the field state we choose, the classical
noise ζ , which represents quantum field fluctuations, satisfies Gaussian statistics, determined
completely by its second moment in this case,
〈〈ζi(τi)〉〉 = 0 , 〈〈ζi(τi)ζj(τj)〉〉 = G(φ)H (zµi , zµj ) , (II.5)
in which 〈〈· · ·〉〉 represents taking the stochastic ensemble average whose probability distribu-
tion functional can be expressed by the zero mean and the second moment. The two relevant
Green functions of the scalar field, the retarded Green function GR and the Hadamard func-
tion GH are defined by
G
(φ)
R (x, x
′) = i θ(t− t′) [φ(x), φ(x′)] , G(φ)H (x, x′) = 12 Trφ
(
ρφ
{
φ(x), φ(x′)
})
, (II.6)
where the density operator ρφ is the initial state of the scalar field, and θ(t) is a unit-step
function. We see that GR is independent of the field state, while GH is state dependent.
The equation of motion (II.4) is an integro-differential equation, essentially describing
a driven oscillator by the scalar field fluctuations. The integral expression contains a local
contribution, depending Qi itself. It accounts for frequency renormalization and a dissipative
self-force from the radiative reaction of the field due to the motion of the internal degree of
freedom . On the other hand, the nonlocal effect arising from all other detectors has a causal,
history-dependent nature. On account of this variety of backreactions of distinct natures,
how does each of these factors contribute to the establishment of dynamical equilibrium for
the totality of the motions of the internal degrees of freedom of all the detectors interacting
with the field? The answer can be found in a generalized FDR, if it does exist. By examining
the dynamical features laden with the equation of motion (II.4) we shall show that this
relation does exist for the system under investigation. We then explore its implications in
the FDR and CPR forms.
6B. Wightman function stationary in Rindler time
Before proceeding with the dynamical analysis, and for future reference, we first show
that the Wightman function of the massless scalar field in Minkowski vacuum |0m〉, when
expressed in the Rindler coordinates (η,x⊥, ξ), is stationary in Rindler time η. The field
operator in the R wedge is expanded as [10, 22]
φ(x) =
∫ ∞
0
dκ
∫ ∞
−∞
d2k⊥
[
aˆ
(r)
κk⊥
g
(r)
κk⊥
(η,x⊥, ξ) + h.c.
]
(II.7)
with x = (t,x⊥, z) in Cartesian coordinates or x = (η,x⊥, ξ) in Rindler coordinates. The
mode function g is given by
g
(r)
κk⊥
(η,x⊥, ξ) =
(
sinh piκ
a
4pi4a
) 1
2
K+iκ
a
(
q
a
eaξ) e+ik⊥·x⊥e−iκη , (II.8)
where Kµ(z) is the modified Bessel function of order µ, and q = |k⊥| is the magnitude of
the transverse momentum k⊥ of the massless field. The creation and annihilation operators
aˆ
(r)†
κk⊥
, aˆ
(r)
κk⊥
satisfy the standard commutation relations[
aˆ
(r)
κk⊥
, aˆ
(r)†
κ′k′
⊥
]
= δ(κ− κ′) δ(2)(k⊥ − k′⊥) (II.9)
and zero otherwise. The superscript (R) signifies that the associated quantities are defined
in the right Rindler wedge.
The Wightman function G
(φ)
> (x, x
′) = i 〈0m|φ(x)φ(x′)|0m〉 is then given by
G
(φ)
> (x, x
′) = i
∫ ∞
0
dκ Jκ(ξ,x⊥; ξ
′,x′⊥)
[
coth
piκ
a
cosκ(η − η′)− i sin κ(η − η′)
]
, (II.10)
where we have used the facts that
〈0m|aˆ(r)κk⊥ aˆ
(r)†
κ′k′
⊥
|0m〉 = e
2piκ
a
e
2piκ
a − 1 δ(κ− κ
′)δ(2)(k⊥ − k′⊥) , (II.11)
〈0m|aˆ(r)†κk⊥ aˆ
(r)
κ′k′
⊥
|0m〉 = 1
e
2piκ
a − 1 δ(κ− κ
′)δ(2)(k⊥ − k′⊥) . (II.12)
Here we have introduced a spectral-like function Jκ(ξ,x⊥; ξ,x
′
⊥) to account for all the spatial
variations of the Wightman function
Jκ(ξ,x⊥; ξ
′,x′⊥) =
(
sinh piκ
a
4pi4a
)∫ ∞
−∞
d2k⊥ K+iκ
a
(
q
a
eaξ)K+iκ
a
(
q
a
eaξ
′
) e+ik⊥·(x⊥−x
′
⊥
) . (II.13)
C. FDR-CPRs in the quantum field and between the detectors
We see the Wightman function (II.10) of the scalar field has the desired features that it
is translationally invariant in Rindler time η. Then, in terms of Fourier transforms of the
7retarded Green’s function and the Hadamard function of the field,
G˜(φ)(κ) =
∫ ∞
−∞
dη G(φ)(η) e+iκη , (II.14)
we come up the standard generalized FDR for the field
G˜
(φ)
H (κ) = coth
piκ
a
Im G˜
(φ)
R (κ) , (II.15)
the same as has been derived for the (1+1)D case [34].
Translational invariance of the two-point function in Rindler time enables us to write the
integro-differential equation into an algebraic one after we perform the Laplace or Fourier
transformation on the equation of motion. For this, we first express the equation of motion
(II.4) in terms of the Rindler time,
me−2aξi
d2Qi
dη2i
(ηi) +mω
2Qi(ηi) (II.16)
− λ2
∑
j
∫ ηi
0
dηj
{
G
(φ)
R [ηi, zi(ηi); ηj, zj(ηj)]
}
ij
e+aξj Qj(ηj) = λ ζi(ηi) ,
and introduce a matrix form for the retarded Green’s function
[
G
(φ)
R (η, η
′)
]
ij
≡
G
(φ)
R [ηi, zi(ηi); ηj , zj(ηj)]. To solve the equation of motion, it proves convenient to introduce
D˜(2)(κ) by
D˜(2)(κ) =
[
−mκ2A2 +mω2 I− λ2G˜(φ)R (κ) ·A−1
]−1
, (II.17)
where its ij th component implicitly depends on ξi, x⊥,i and ξj, x⊥,j. The matrix elements
Aij = e
−aξi δij describe the redshift factor associated with each trajectory of the detector
at fixed ξi, its physical significance will be clearly seen later. The Fourier transformation
of (II.17) gives D(2)(η), which belongs to a special set of homogeneous solutions to the
equation of motion, satisfying D(2)(0) = 0 and D˙(2)(0) = 1.
Since the subsequent discussions on energy balance, the FDR and relaxation depend only
on time, with no explicit reference to the spatial coordinates – their dependence appears
only in the matrix indices – all the derivations and calculations3 done in the 1 + 1 case can
be carried over here.
The inhomogeneous solution of the internal degree of freedom Q is then given by
Q
(inh)
i (η) = λ
∫ η
0
dη′ D
(2)
ij (η − η′) ζj(η′) . (II.18)
3 Whether the two-point Green’s functions is translationally invariant in ξ or not plays no role in the
derivations.
8The inhomogeneous solutions dictate the late-time dynamics of Q and thus will impact
on the relaxation dynamics of the system at late times, the pre-condition for the power
balance and the existence of the generalized FDR. However, renormalization in the formal
expression of D(2) has to be dealt with first, as in the case of inertial detectors in 1 + 3
dimensional Minkowski space in [21, 45] because in the coincident limit of spatial coordinates,
the commutator of the field operator G(φ)(x, x′) = i
[
φ(x), φ(x′)
]
, independent of the field
state, is singular
lim
x′→x
G(φ)(x, x′) = −e
−2aξ
2pi
∂
∂η
δ(η − η′) , (II.19)
due to the fact that
Jκ(ξ,x⊥; ξ,x⊥) =
(
sinh piκ
a
4pi4a
)∫ ∞
−∞
d2k⊥ K
2
+iκ
a
(
q
a
eaξ) =
e−2aξ
4pi2
κ . (II.20)
Thus we decompose the integral expression in (II.16) into
∑
j
∫
dηj
{
G
(φ)
R [ηi, zi(ηi); ηj, zj(ηj)]
}
ij
e+aξj Qj(ηj) (II.21)
=
∫
dηj
{
G
(φ)
R [ηi, zi(ηi); ηj, zi(ηj)]
}
ii
e+aξi Qi(ηj)
+
∑
j 6=i
∫
dηj
{
G
(φ)
R [ηi, zi(ηi); ηj, zj(ηj)]
}
ij
e+aξj Qj(ηj) .
The divergent contribution of the first term on the righthand will be absorbed into natural
frequency renormalization and its finite part will contribute to the damping term, while
the second term will account for the non-Markovian influence originated from the other
detectors. A detailed treatment can be found in [21, 25, 45]. In short, the presence of
damping term in linear dynamics inevitably implies that the late-time dynamics of the linear
system is governed by the stochastic noise. The contribution from the initial condition is
exponentially suppressed at late times.
If we define the retarded Green’s function G
(Q)
R of the internal degree of freedom Q by
G˜
(Q)
R (κ) ≡ D˜(2)(κ) ·A, (II.22)
such that
G˜
(Q)
R (κ) =
[
−mκ2A+mω2A−1 − λ2A−1 · G˜(φ)R (κ) ·A−1
]−1
, (II.23)
or
[
G˜
(Q)
R (κ)
]
ij
=
[
D˜(2)(κ)
]
ij
e−aξj , then G
(Q)
H (ηi, ηj), the anti-commutator of the internal
9degree of freedom Q, will be defined in the standard way4[
G
(Q)
H (ηi, ηj)
]
ij
≡ 〈〈Qi(ηi)Qj(ηj)〉〉 , (II.24)
Then from (II.18), we find
〈〈Qi(τi)Qj(τj)〉〉 (II.25)
= λ2
∫ ∞
−∞
dκ
2pi
[
G˜
(Q)∗
R (κ)
]
ik
[
G˜
(Q)
R (κ)
]
jl
[
A−1 · G˜(φ)H (κ) ·A−1
]
kl
e−iκ(ηi−ηj) + · · · .
where we have used (II.18) and the fact that D(2)(τ) is in fact a retarded kernel of Q. We
have ignored terms that are exponentially small at late times. The results in (II.25) shows
that at late time the anti-commutator of Q also becomes translationally-invariant in the
Rindler time, and the non-stationary component turns out to be exponentially small. This
is one of the essential properties to enable us to show the existence of the FDR for the
internal degree of freedom Q from the nonequilibrium dynamics of open systems.
We may further re-write (II.25). Owing to the identity
Im
[
G˜
(Q)
R (κ)
]−1
= −λ2A−1 ·
[
Im G˜
(φ)
R (κ)
]
·A−1 , (II.26)
Eq. (II.25) becomes, with the help of the generalized FDR of the field (II.15),
[
G
(Q)
H (ηi, ηj)
]
ij
=
∫ ∞
−∞
dκ
2pi
coth
piκ
a
Im G˜
(Q)
R (κ) e
−iκ(ηi−ηj) + · · · . (II.27)
Since the integrand is the Fourier transform of G
(Q)
H (ηi − ηj), we also obtain a generalized
FDR for the internal degrees of freedom of the uniformly-accelerating detectors in 1+3
Minkowski space,
G˜
(Q)
H (κ) = coth
piκ
a
Im G˜
(Q)
R (κ) , (II.28)
accompanied by the generalized FDR of the field (II.15).
D. Differences from FDR via LRT
Here we see similarity with the conventional FDR based on LRT, the central idea of which
hinges on weak external disturbance on the system (detector) about its equilibrium state,
4 The righthand side of (II.24) does not at first sight look like an expectation value of an anti-commutator.
But if we recall that it is actually a statistical average like the one in (II.5), then from the construction of
the stochastic effective action of the reduced system, the righthand side of (II.5) is indeed equivalent to
the expectation value of an anti-commutator. We can also verify this equivalence by the density operator
method, see [50] for the details and discussions.
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which is assumed thermal. The bath essentially has no dynamical role except for maintaining
a thermal distribution which restrains the system into a thermal state on average.
In contrast, in the current case, the internal degree of freedom of each detector undergoes
nonequilibrium evolution, its final equilibrium state, dictated but not completely determined
by the bath dynamics, in general is different from the initial state, and even its intermediate
states, before the dynamics reaches relaxation, are far from being in (quasi-)equilibrium.
Depending on the coupling strength λ, the final equilibrium state of the system in general
does not take on a canonical form. However we see the emergence of the generalized FDR
(II.28) between the internal degrees of freedom established in the final equilibrium state.
The proportionality factor in (II.28) plays a pivotal role in this.
The conventional wisdom of LRT says that the factor depends on the universal temper-
ature associated with the thermal state of the system. Nonetheless, in the current case,
comparing with (II.15) we observe that 1) the proportionality factor seems to depend on
the initial “temperature” of the field at η = 0, and 2) the final equilibrium state of the
system in general is not a Gibbs state. Even if one tries to introduce an effective tempera-
ture, in general it depends on all sorts of parameters in the configuration, which undermines
the meaning of a universal temperature. We expect the physics behind the proportionality
factor in (II.28) is different from that based on LRT, except under unusual circumstances.
So why does the FDR obtained from the nonequilibrium dynamics of an open system as
described in [34] come to be the same as that derived from LRT?
The accidental similarity can be understood as follows. First, in the limit of ultra-
weak system-bath coupling, the final equilibrium state of the system, via nonequilibrium
evolution, will approach to a Gibbs form [45], with a temperature identified as the initial
bath temperature. This explains why the equilibrium thermal state of the system takes
the Gibbs form, from the viewpoint of nonequilibrium physics. Second, since the late-time
dynamics of the system is governed by the environment/bath, the statistical nature is passed
on to the system [34]. This argument also points out a subtle difference between (II.28) and
(II.15), the latter involves the initial state of the field.
For uniformly accelerated detectors the temperature in the proportionality factor
coth(βκ/a) is the fiducial temperature,
T ∼ a
2pi
. (II.29)
However, this temperature is not related to the proper acceleration α = a e−aξ of each
detector, following a trajectory with constant ξ, and thus is different from what would be
seen5 in the proper frame of each detector. The latter is given locally in each detector by
5 In the Appendix of [34], we show that each detector sees its own local temperature, related to its proper
11
the Tolman relation [56],
Tu =
T√−g00
=
a e−aξ
2pi
, (II.30)
which is the Unruh temperature proportional to the proper acceleration of the detector as
a probe. Thus, we emphasize that whereas the detector “feels” this local temperature, it is
the common bookkeeping temperature for all detectors which enter in the generalized FDR
(II.28). Using common arguments based on equilibrium thermal dynamics can lead to a
wrong understanding of the underlying physics.
E. Energy balance condition and the generalized FDR
The physical meaning of the generalized FDR (II.28) is most easily seen when we examine
the balance of the energy flow between the detectors and the surrounding quantum field.
The off-diagonal elements of the generalized FDR in(II.28), called the CPR, first discovered
in [18], is indispensable in keeping the energy balance in the detector-field system, as we
now show.
Referring to the equation of motion (II.16), we see that the power delivered by the
stochastic noise ζi to the internal degree of freedom Qi of the i
th detector is given by
P(i)ζ (τi) = λ2e−aξi
∑
j
∫ ηi
0
dηj
d
dηi
[
D(2)(ηi − ηj)
]
ij
〈〈ζi(ηi)ζj(ηj)〉〉 (II.31)
= λ2e−2aξi
∑
j
∫ ηi
0
dηj
d
dηi
[
G
(Q)
R (ηi − ηj)
]
ij
[
A−1 ·G(φ)H (ηi, ηj) ·A−1
]
ij
+ · · · ,
in the comoving frame of the detector, where a comoving observer records the energy flow
into or out of the detector. After the motion of the internal degree of freedom is fully relaxed,
in the limit ηi →∞, we can simplify (II.31) to
P(i)ζ (∞) = λ2e−2aξi
∑
j
∫ ∞
−∞
dκ
2pi
κ
[
Im G˜
(Q)
R (κ)
]
ij
[
A−1 · G˜(φ)H (κ) ·A−1
]
ij
, (II.32)
which is already independent of time. Meanwhile, the total power delivered by the dissipa-
tion and the causal influence is equivalently6 given by
P(i)γ (τi) + P(i)c (τi)
= λ2 e−2aξi
∑
j
∫ ηi
0
dηj
[
A−1 ·G(φ)R (ηi − ηj) ·A−1
]
ij
d
dηi
[
G
(Q)
H (ηi, ηj)
]
ij
. (II.33)
acceleration.
6 In principle, the issue of renormalization enters in the derivation of the power associated with the dissi-
pation. See the discussion in [45]. A derivation can be found in the Appendix of [34].
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Thus at late times, we arrive at
P(i)γ (∞) + P(i)c (∞) = −λ2 e−2aξi
∑
j
∫ ∞
−∞
dκ
2pi
κ
[
A−1 · Im G˜(φ)R (κ) ·A−1
]
ij
[
G˜
(Q)
H (κ)
]
ij
,
(II.34)
Comparing (II.32) and (II.34) and making use of the generalized FDRs (II.28) and (II.15)
we conclude
P(i)ζ (∞) + P(i)γ (∞) + P(i)c (∞) = 0 . (II.35)
That is, the generalized FDR guarantees that energy flow of each detector is balanced after
relaxation, a condition for the equilibration in the dynamics of the system of N uniformly
accelerating detectors. This fact also implies that the mechanical energy (the sum of the
kinetic energy and the harmonic potential energy) of each oscillator, described by the equa-
tion of motion (II.4), is a time-independent constant. This offers an explanation from the
nonequilibrium dynamics perspective to the common practice in equilibrium thermodynam-
ics, that one can simply use the Hamiltonian of the system alone to compute the expectation
of energy and other physical quantities without the need to worry about potential compli-
cations due to the interaction between the system and the bath, as would be necessary for
strong coupling (see, e.g., [25, 45, 57]).
Finally, a specially noteworthy point is the role of the non-Markovian effects. From the
derivation above, it is clear that in addition to the local damping force (dissipation) and
the stochastic force (noise), the energy balance would not hold without the participation
of the non-Markovian, causal influence from the other detectors, and nonlocal correlation
between detectors residing in the off-diagonal components of the generalized FDR. This is
the function and significance of the CPR.
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